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ABSTRACT 
The s e l e c t e d  o r d i n a t e  method f o r  d e t e r m i n i n g  t h e  F o u r i e r  
c o e f f i c i e n t s  o f  a pe r iod ic  cu rve  i s  of g r e a t  u s e  when an approx- 
imate  va lue  i s  d e s i r e d  i n  a v e r y  s h o r t  time. Tables  of  the  
o r d i n a t e s  are given.   Evaluat ion  of  a c o e f f i c i e n t  i s  reduced t o  
a simple summation. 
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SUMMARY 
A method is  p resen ted  fo r  approx ima t ing  Four i e r  coe f f i -  
c i e n t s  t o  a t  least  t w o  s i g n i f i c a n t  f i g u r e s .  By choosing  values  
a t  se l ec t ive ly  we igh ted  in t e rva l s  o f  a p e r i o d i c  c u r v e ,  t h e  s i n e  
and cosine harmonics up t o  n = 20 may be approximated i n  a very 
s h o r t  time. 
* * * * * * *  
INTRODUCTION 
The method of s e l e c t e d  o r d i n a t e s  i s  used t o  approximate 
t h e  F o u r i e r  c o e f f i c i e n t s  of a pe r iod ic  cu rve  t o  a t  l e a s t  two 
s i g n i f i c a n t  f i g u r e s .  The selected o r d i n a t e  method i s  p a r t i c u -  
l a r l y  s u i t e d  f o r  t h e  de t e rmina t ion  o f  s inuso ida l  errors i n  s u c h  
dev ices  as resolvers, g e a r  t r a i n s ,  gyros, and accelerometers; 
as w e l l  as e c c e n t r i c i t i e s  of b a l l  bear ings :  o r  simply examining 
the harmonic content  of any per iodic  curve and avoiding a po in t -  
by-poin t  numer ica l  in tegra t ion .  
EVALUATION 
To e v a l u a t e  a n  i n t e g r a l  of t h e  form: 
t h e  v a l u e s  o f  f ( x )  are determined a t  x-values corresponding t o  
the  cen te r s  o f  N success ive  equa l  area i n t e r v a l s  o f  a ,known 
g(x) and are then summed: 
= ${ 5 f (xi$ ( t o t a l  a b s o l u t e  area) 
i= 1 
t t l  l t   
which  impl i c i t l y  a s sumes  tha t  t he  cu rve  has  a Fourier  expansion.  
The method i s  similar t o  the  p rocedure  fo r  eva lua t ing  an  in t e -  
g r a l  by a sum o f  t r a p e z o i d s  e x c e p t  t h a t  i n  t h e  s e l e c t e d  o r d i n a t e  
case t h e  x - i n t e r v a l  v a r i e s  by a g i v e n  c r i t e r i o n .  
I f  a func t ion  has  a Four i e r  series expansion of  per iod 2L 
and i s  g i v e n  i n  t h e  f u n d a m e n t a l  i n t e r v a l  of 0 t o  2 L ,  it can  be 
r e p r e s e n t e d  i n  t h e  f a m i l i a r  f o r m :  
a a3 
f ( x )  = 2 2 +n= l  { a,, c o s ( 7 )  n nx + b, sint?)} 
where: 
- .?. JiL f ( x )  sin(,> nTrx dx n = 1 , 2 , 3 , . . -  bn - L 
(Tables  have been prepared for  funct ions of  per iod 2 ~ r ,  hencefor th  
L=n .  ) I t  i s  apparent  from t h e  form of an  and  bn t h a t  t h e  F o u r i e r  
coeff ic ients  can be approximated by t h e  method of selected or -  
d i n a t e s  : 
1. JiTr f ( x )  g ( x )  dx - 1 f f (x i )  I t o t a l  a b s o l u t e  a r e a  
T r  Tr i= 1 N 
I n  t h e  c a s e  o f  F o u r i e r  a n a l y s i s ,  t h e  t o t a l  a b s o l u t e  a r e a  i s  
t h e  a b s o l u t e  a r e a  u n d e r  t h e  s ine or   cosine  harmonic  curve.  The 
abso lu te  a rea  i s  e q u a l  t o  4 f o r  a l l  p o s i t i v e  n>O  and i s  e q u a l  t o  
2 ~ r  f o r  n=O.  Thus t h e  F o u r i e r  c o e f f i c i e n t  i s  eva lua ted  by t h e  
express ion:  
N 
4 1 4  sum 
- (“i> f = d i v i s i o n  f a c t o r  (n  = 1 , 2 , 3 , . . . )  Tr 
i=l 
N 
2 f (Xi)  = 2 1 sum d i v i s i o n  f a c t o r  (n  = 0 )  
i=l 
To determine the sum, add the  va lues  o f  f (Xi )  fo r  each  
s e l e c t e d  o r d i n a t e  i n d i c a t e d  i n  t h e  a p p r o p r i a t e  t a b l e :  t h e  s i g n  
2 
of each term i s  g iven  by  the  product  of t h e  s i g n  o f  f ( x i )  a n d  
t h e  s i g n  a s s o c i a t e d  w i t h  t h e  s e l e c t e d  o r d i n a t e .  I f  i n  d e t e r -  
min ing  the  sum, t h e  v a l u e  o f  f (x)  a t  a s e l e c t e d  o r d i n a t e  i s  a 
p o i n t  of d i s c o n t i n u i t y ,  t h e  D i r i c h l e t  c o n d i t i o n  i s  used: 
f ( X i )  = E'O l i m  1 { f (Xi+€)  + f (xi-&)} 
The d i v i s i o n  factor  i s  somet imes  not  equal  to  N ,  t h e  number 
o f  s e l e c t e d  o r d i n a t e s ,  i f  t h e  c a l c u l a t e d  s e l e c t e d  o r d i n a t e  oc- 
cu r s  where  the  s ine  o r  cos ine  harmonic  curve  c rosses  the  ax is .  
This  i s  i n d i c a t e d  i n  t h e  accompanying t a b l e s  by n o t  a s s o c i a t i n g  
a s i g n  w i t h  t h a t  o r d i n a t e .  S i n c e  t h e  c a l c u l a t e d  o r d i n a t e  w i l l  
have  equa l  pos i t i ve  and n e g a t i v e  a r e a  c o n t r i b u t i o n s ,  t h e  v a l u e  
o f  t h e  d i v i s i o n  f a c t o r  i s  given a t  the bottom of each t a b l e  f o r  
convenience. 
The accuracy  of  the  se lec ted  ord ina te  method i s  p ropor t iona l  
t o  t h e  number o f  s e l e c t e d  o r d i n a t e s  u s e d .  Some a p p l i c a t i o n s  may 
war ran t  t he  use  o f  less than  9 0  o r d i n a t e s ;  t h e  t a b l e s  c a n  b e  
subdivided i n t o  3 0 ,  1 8 ,   1 0 ,  6 ,  o r  2 o r d i n a t e s  w h e r e  t h e  f i r s t  
o r d i n a t e  w i l l  b e  t h e  s e c o n d ,  t h i r d ,  f i f t h ,  e i g h t h ,  o r  t w e n t y -  
t h i r d  o r d i n a t e ,  r e s p e c t i v e l y ,  of t h e  t a b u l a t e d  90 .  
The s e l e c t e d  o r d i n a t e  method f o r  d e t e r m i n i n g  t h e  F o u r i e r  
c o e f f i c i e n t s  of a per iodic  curve  has  proved  to  be  most  va luable  
when an approximate value i s  r e q u i r e d  i n  a s h o r t  t i m e .  
EXAMPLE 
A s  an example of the u s e  and accuracy of t h e  s e l e c t e d  o r -  
d i n a t e  method a s  a p p l i e d  t o  F o u r i e r  a n a l y s i s ,  t h e  e x p a n s i o n  f o r :  
3 
. 
al: sum = 2 5 ( 0 )  - 19 (+I) - 19 (-1) + 2 5  ( 0 )  = 0 
... al = 0 
and so  on for  t h e  o t h e r  a, as f ( x )  i s  an odd func t ion :  
bl: sum = 3 3 ( 0 )  + 1 2  (+1) - 11 (-1) + 3 4  ( 0 )  = 2 3  
b2 :  S U ~  = 2 7 ( 0 )  + 1 7  (21) * 1 7  (+1) + 2 7  ( 0 )  = -34 
b15: sum = 3 0 ( 0 )  + 3 ( 1 )  - 3 ( 1 )  - 3(1) + 3(1) - 3( -1 )  + 3 ( - 1 )  
-3  (-1) + 3( -1 )   -3 ( -1 )  = 6 
By a d i r e c t  i n t e g r a t i o n :  
- " (L.OOO) s i n  (x) - - ( 1 . 5 0 0 )  s i n  (2x1  
II II 
+. . . + ~ ( 0 . 2 6 7 )  1 s i n  ( 1 5 x ) + .  . . 
4 
whereas  the  selected  ordinate  method  gives: 
f(x) = - (1.022) sin ( x ) - -  (1.545) sin (2x1 1 1 
rI rI 
+. . .+ - (0.267) sin (15x1 +.. . 1 
rI 
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1 6 6 . b ~  + 
168.98 + 
111.15 + 
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